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We investigate phase separation and hidden vortices in spin-orbit coupled ferromagnetic Bose-
Einstein condensates with rotation and Rabi coupling. The hidden vortices are invisible in density
distribution but are visible in phase distribution, which can carry angular momentum like the or-
dinary quantized vortices. In the absence of the rotation, we observe the phase separation induced
by the spin-orbit coupling and determine the entire phase diagram of the existence of phase separa-
tion. For the rotation case, in addition to the phase separation, we demonstrate particularly that
the spin-orbit coupling can result in the hidden vortices and hidden vortex-antivortex pairs. The
corresponding entire phase diagrams are determined, depending on the interplay of the spin-orbit
coupling strength, the rotation frequency, and Rabi frequency, which reveals the critical condition
of the occurrence of the hidden vortices and vortex-antivortex pairs. The hidden vortices here are
proved to be long-lived in the time scale of experiment by the dynamic analysis. These findings not
only provide a clear illustration of the phase separation in spin-orbit coupled spinor Bose-Einstein
condensates, but also open a new direction for investigating the hidden vortices in high-spin quantum
system.
PACS numbers: 05.45.Yv, 03.75.Lm, 03.75.Mn
I. INTRODUCTION
Bose-Einstein condensates (BECs) in an optical dipole
trap, known as spinor BECs, have been experimentally
realized and studied in a gas of 23Na and 87Rb atoms
[1, 2], which brings a new way to create topologically
nontrivial structures [3–9], owing to the spin degrees of
freedom and many possible order-parameter manifolds.
Recently, miscibility-immiscibility phase transition has
drawn great interests in the spinor BECs [10–19]. Phase
miscibility and separation have been studied theoretically
[10–15] and experimentally [16] in the two-component
BECs previously. The ground states of spin-1 BECs un-
der a homogeneous magnetic field have also been investi-
gated [17–19]. It was shown that the homogeneous mag-
netic field can induce the phase separation when spin-
dependent interaction is antiferromagnetic [17, 18]. In
particular, the recent spin-orbit (SO) coupling in quan-
tum gases can be controlled and realized by using optical
or magnetic fields, which has played an important role in
the recently discovered novel quantum states [20–32]. It
was found that the miscibility-immiscibility phase transi-
tion can also be controlled by means of the SO coupling in
the two-component BECs [20]. Subsequently, the phase
separation in the SO coupled BECs in quasi-one dimen-
sional trap has been discussed [33]. However, so far it is
not clear for the entire phase diagram of the existence of
phase separation in SO coupled spin-1 BECs.
∗ wliu@iphy.ac.cn
The rotation is an important experimental method of
creating vortices and vortex lattices in the BECs [34–
38]. If the BECs in double-well potential are rotated, it
was shown that the hidden vortices can occur distributed
along the central barrier [39]. These hidden vortices
have no visible cores in density distributions but have
phase singularities in phase distributions. In addition,
they have an important characteristic which can carry
angular momentum like the usual vortices [39]. Later,
the pinning of hidden vortices in the BECs with a ro-
tating double-well potential and corotating optical lat-
tice have been studied [40]. The vortices with hidden
angular momentum have also been introduced [41]. Pre-
vious works on the hidden vortices have been limited to
a single-component BECs. To the best of our knowledge,
it remains an open question that how to obtain the hid-
den vortices in spin-1 BECs so far, which is eager to be
explored.
In this paper, we address the question of the occur-
rence of the phase separation and hidden vortices in the
rotating SO coupled spin-1 BECs. We mainly concen-
trate on the phase separation in the SO coupled spin-1
BECs without the rotation. It is shown that the SO cou-
pling is the key to realize the phase separation in the
present system. More remarkably, we determine the en-
tire phase diagram of the existence of phase separation
in SO coupled spin-1 BECs, as compared with the previ-
ous work [33]. In the presence of the rotation, we further
demonstrate that the SO coupling can lead to the hid-
den vortices and hidden vortex-antivortex pairs, which
provides a new method of creating the hidden vortices
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2in the BECs. Furthermore, we also determine the entire
phase diagram of these two vortex states, depending on
the interplay of the SO coupling strength, the rotation
frequency, and Rabi frequency, which shows the critical
condition and phase boundary of the occurrence of such
two vortex states. The hidden vortices here are proved
to be long-lived in the time scale of experiment.
The paper is organized as follows. In Sec. II we formu-
late the model Hamiltonian describing the rotating spin-1
BECs with laser-induced SO coupling and Rabi coupling,
and briefly introduce the numerical method. In Sec. III
we mainly discuss the phase separation in the SO coupled
spin-1 BECs without the rotation. In Sec. IV we further
demonstrate that the SO coupling can lead to the hid-
den vortices and hidden vortex-antivortex pairs in the
presence of the rotation. The entire phase diagram of
these two vortex states also be determined. Finally, we
conclude the main results of the work in Sec. V.
II. MODEL HAMILTONIAN AND METHOD
We consider the two-dimensional ferromagnetic BECs
with a laser-induced SO coupling [42–47] in a frame rotat-
ing with frequency Ω [25, 26]. In the mean-field approx-
imation, the Hamiltonian is written as [4, 25, 33, 37, 38]
H=
∫
dr
{
Ψ† (T+VH(r)−ΩLz+γPxFz+ΩRFx) Ψ
+
(c0
2
n2+
c2
2
[(n1−n−1)2+2|Ψ∗1Ψ0+Ψ∗0Ψ−1|2]
)}
,
(1)
where Ψ = [Ψ1(r),Ψ0(r),Ψ−1(r)]T is the order parame-
ter of the BECs with normalization
∫
drΨ†Ψ = N , and
N is the total particle number. The total particle density
is defined by n =
∑
m nm, wherein nm = |Ψm(r)|2 with
m = 0,±1. The kinetic-energy term T = −~2∇2/(2m),
where m is the mass of a 87Rb atom and ~ is the
Planck constant. For simplicity, we assume that the
harmonic trapping frequencies satisfy ωz  ω⊥, where
ω⊥ = 2pi × 40 Hz and ωz = 2pi × 800 Hz are the radial
and axial trapping frequencies. Then, the condensates
are pressed into a pancake so that the system is effectively
two dimensional. The two-dimensional confinement po-
tential VH(r) = m[ω
2
⊥(x
2 + y2)]/2. The projection of the
angular momentum to the z axis Lz = −i~(x∂y − y∂x).
The fourth term of the Hamiltonian represents the one-
dimensional SO coupling along the x direction, in which
px = −i~∂x is the momentum operator along the x di-
rection, γ is the SO coupling strength which can be con-
trolled by the wavelength of the Raman lasers and the
angle between Raman beams in experiment [20]. ΩR is
the Rabi frequency. Fz and Fx are the 3 × 3 Pauli ma-
trices of the spin angular momentum operators in the z
and x directions, which can be expressed as
Fz =
 1 0 00 0 0
0 0 −1
, Fx = 1√
2
 0 1 01 0 1
0 1 0
 . (2)
For the interaction terms, the coupling parameters are
given by c0 = 4pi~2(a0 + 2a2)/3m and c2 = 4pi~2(a2 −
a0)/3m, where a0,2 are two-body s-wave scattering
lengths for total spin 0, 2. The wave functions of spin-1
BECs are formulated as the dimensionless coupled Gross-
Pitaevskii equations [4, 25, 33, 37, 38]
i
∂ψ1
∂t
= [−1
2
∇2 + V + λ0ρ+ λ2(ρ1 + ρ0 − ρ−1)
+iΩ˜(x∂y − y∂x)]ψ1 − iκ∂ψ1
∂x
+
Ω˜R√
2
ψ0
+λ2ψ
∗
−1ψ
2
0 , (3)
i
∂ψ0
∂t
= [−1
2
∇2 + V + λ0ρ+ λ2(ρ1 + ρ−1)
+iΩ˜(x∂y − y∂x)]ψ0 + Ω˜R√
2
(ψ1 + ψ−1)
+2λ2ψ1ψ−1ψ∗0 , (4)
i
∂ψ−1
∂t
= [−1
2
∇2 + V + λ0ρ+ λ2(ρ0 + ρ−1 − ρ1)
+iΩ˜(x∂y − y∂x)]ψ−1 + iκ∂ψ−1
∂x
+
Ω˜R√
2
ψ0
+λ2ψ
∗
1ψ
2
0 , (5)
where the dimensionless wave function ψj = N
−1/2ahΨj
and the total condensate density ρ = ρ1 + ρ0 + ρ−1 with
ρj = |ψj |2 (j = 1, 0,−1). The dimensionless optical
trapping potential V = (x2 + y2)/2. The dimension-
less interaction strengths λ0 = 4piN(a0 + 2a2)/3ah and
λ2 = 4piN(a2−a0)/3ah. We choose a2 = (100.4±0.1)aB
for total spin channel Ftotal = 2 and a0 = (101.8±0.2)aB
for total spin channel Ftotal = 0 [48, 49], where aB is
the Bohr radius. The characteristic length of the har-
monic trap is defined as ah =
√
~/mω⊥. We can de-
fine the dimensionless rotation frequency as Ω˜ = Ω/ω⊥,
the dimensionless strength of the SO coupling as κ =
γ/
√
~ω⊥/m, and the dimensionless Rabi frequency as
Ω˜R = ΩR/(~ω⊥). The time and the energy are scaled in
units of ω−1⊥ and ~ω⊥.
The stationary state of the system is obtained by using
the standard imaginary-time propagation combined with
finite-difference methods [50, 51]. Equations (3)-(5) are
solved by using the second-order centered finite-difference
for the spatial discretization and the backward/forward
Euler schemes of the linear/nonlinear terms for the time
discretization. In all numerical simulations, the size of
the computational grid is 400×400, corresponding to the
field of view being 40×40 (a2h) or 68×68 (µm2). We start
with a trial Gaussian wave function for the three com-
ponents and propagate the wave function in imaginary
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FIG. 1. (Color online). Phase separation of the ferromagnetic
BECs induced by the SO coupling. (a)-(d) Particle density
distributions of the ferromagnetic BECs for κ = 0, 1.2, 2,
and 6, respectively. The simulation is conducted by using
the dimensionless spin-dependent interaction parameter λ2=
−75, spin-independent interaction parameter λ0 = 7500, the
rotation frequency Ω˜ = 0, the Rabi frequency Ω˜R = 0, and
the optical trap ω⊥=2pi × 40Hz.
time. A sufficiently large number of time steps is chosen,
which guarantees that we have reached a steady state.
The final steady state is also been checked by the nor-
malized random number as the initial state, which sug-
gests that our final stationary state is independent of the
initial trial wave function. The dynamic evolution of the
spin-1 BECs is obtained by using a time-splitting spec-
tral method with the time stepping being (8× 10−4)/ω⊥
[52–54].
III. PHASE SEPARATION INDUCED BY SO
COUPLING
We first consider Ω˜ = 0 case. It is found that the
SO coupling can induce phase separation of the ferro-
magnetic BECs. In Fig. 1 we show the densities of
the ground state of the BECs with different SO coupling
strengths. Without the SO coupling, the ground state is
miscible and no phase separation occurs, as shown in Fig.
1(a). As the SO coupling strength increases, the ground
state is immiscible between the mF = +1 and −1 com-
ponents, proving that phase separation has taken place,
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FIG. 2. (Color online). Influence of the Rabi frequency Ω˜R
on the phase separation. (a) and (b) Show particle density
distributions of the ferromagnetic BECs for Ω˜R = 0.1 and
4, respectively. The simulation uses κ = 6 with the other
parameters being the same as ones in Fig. 1.
as depicted in Figs. 1(b)-1(d). When the SO coupling
is sufficiently strong, there is almost no particle in the
mF = 0 component and a maximum of phase separation
emerges between the mF = +1 and −1 components, as
shown in Fig. 1(d). The effect of the Rabi frequency
Ω˜R on the phase separation is also studied. We take the
state shown in Fig. 1(d) as an example, which is used to
investigate the effect of the Rabi frequency. If the Rabi
coupling is considered such as Ω˜R = 0.1, there remains
the phase separation between the mF =+1 and −1 com-
ponents. However, the particles in the mF =0 component
increase as compared with the Fig. 1(d), as reflected in
Fig. 2(a). When the Rabi frequency is stronger, such as
Ω˜R = 4, the system favors phase miscibility, as presented
in Fig. 2(b). Therefore, when both κ and Ω˜R are con-
sidered, the occurrence of phase separation depends on
the competition between κ and Ω˜R. To illustrate this, in
Fig. 3 we plot the ground-state phase diagram by solving
Equations (3)-(5) for a large number of κ and Ω˜R values.
When Ω˜R is lager than a critical value Ω˜R(c) = 1.8, the
system manifests the phase miscibility for all κ value in
the present calculations. For Ω˜R ≤ 1.8, we observe the
phase separation through tuning the strength of the SO
coupling. We also give a critical value of producing phase
separation with κc = 0.4. Figure. 3 presents the criti-
cal condition of the occurrence of the phase separation
in SO coupled spin-1 BECs, which offers a clear illustra-
tion and entire phase diagram on the phase separation,
as compared with the previous work [33].
IV. HIDDEN VORTICES AND HIDDEN
VORTEX-ANTIVORTEX PAIRS INDUCED BY
SO COUPLING
Next we investigate Ω˜ 6= 0 case. If the system is only
subject to the rotation, the ground state of the BECs
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phase miscibility
6
5
4
3
2
1
0
0 0.8 1.6 2.4 3.2 4
κ
R
Ωɶ
( )R cΩ
ɶ =1.8
c
κ =0.4
FIG. 3. (Color online). Phase diagram of the ferromagnetic
BECs as functions of Ω˜R and κ in the absence of the rotation.
The remaining parameters are the same as ones in Fig. 1.
is similar to a coreless vortex [37]. The corresponding
density and phase distributions are shown in Figs. 4(a1)
and 4(a2). In this case, we can see clearly vortex cores
from the density distributions. The corresponding phase
singularities can also be observed from the phase dis-
tributions, and such these vortices are known as visible
vortices. Subsequently, in order to study the effect of the
SO coupling, Ω˜R is still taken as zero. When κ = 0.5
and Ω˜ = 0.1, the hidden vortices are found in the present
system in addition to the phase separation, as shown in
Figs. 4(b1) and 4(b2). Form the density distributions we
can see that the mF = +1 and −1 components becomes
spatially separated along y direction. In addition, there
are no vortex cores in density profile. However, we can
observe the phase singularities of three spin components
from the phase profile, as highlighted by the black el-
lipses in Fig. 4(b2). Such the ground-state structures can
be called as the hidden vortices. Since the hidden vor-
tices have an important feature which can carry angular
momentum like the visible vortices [39, 40], we further
confirm that the hidden vortices here carry angular mo-
mentum by calculating the mean angular momentum per
atom. Figs. 4(b1) and 4(b2) confirm that the SO cou-
pling can result in the hidden vortices in the presence of
slow rotation. Based on Figs. 4(b1) and 4(b2), if the ro-
tation frequency is further enhanced, it is found that the
SO coupling can induce the emergence of hidden vortex-
antivortex pairs. The corresponding result are presented
in Figs. 4(c1) and 4(c2), at which these hidden vortex-
antivortex pairs are highlighted by the black ellipses in
phase profile. Meanwhile, due to the increasing Ω˜, there
are also some visible vortices in density profile, as shown
in Fig. 4(c1). Local enlargements of these hidden vortex-
antivortex pairs are shown in Fig. 5. We next investigate
the effect of the Rabi frequency on the hidden vortices.
In Fig. 6, we consider the Rabi frequency, for example
Ω˜R = 1, as compared with the case in Figs. 4(b1) and
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FIG. 4. (Color online). Hidden vortices and hidden vortex-
antivortex pairs induced by the SO coupling. (a1) and (a2)
Particle densities and phase distributions of the visible vor-
tices with κ = 0, Ω˜R = 0 and Ω˜ = 0.1. (b1) and (b2) Particle
densities and phase distributions of the hidden vortices with
κ = 0.5, Ω˜R = 0 and Ω˜ = 0.1. The position of the hidden
vortex is highlighted by the black ellipse. (c1) and (c2) Par-
ticle densities and phase distributions of the hidden vortex-
antivortex pairs with κ = 0.5, Ω˜R = 0 and Ω˜ = 0.4. The
position of vortex-antivortex pair is highlighted by the black
ellipse. The remaining parameters are the same as ones in
Fig.1.
4(b2). The result shows that the visible vortices appear
in the system. We can see the vortex cores from density
profile, as shown in Fig. 6(a). At the same time, the
corresponding phase singularities can also be observed
in the phase profile, as shown in Fig. 6(b). Figure 6
proves that the increase of the Rabi frequency can cause
the transformation of a hidden vortex state to a visible
vortex state in the rotating ferromagnetic BECs.
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FIG. 5. (Color online). (a) and (b) Local enlargement of the
vortex-antivortex pair in Fig. 4(c2). The black square and
the green square mark the position of the vortex-antivortex
pair.
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FIG. 6. (Color online). Influence of the Rabi frequency Ω˜R on
the hidden vortices corresponding to Figs. 4(b1) and 4(b2).
(a) and (b) Particle density and phase distributions of the
ferromagnetic BECs in the presence of Ω˜R. The simulation
uses Ω˜R = 1 with the other parameters being the same as
ones in Figs. 4(b1) and 4(b2).
3.5
3
2.5
2
1.5
1
0.5
0
0 0.2 0.4 0.6 0.8 1
κ
Ωɶ
hidden vortices
hidden vortex-antivortex pairs
p
la
n
e
 w
a
v
e
c
Ωɶ =0.09
κ=2.8
κ=1.5
κ =0.05
FIG. 7. (Color online). Phase diagram of the ferromagnetic
BECs as functions of κ and Ω˜ without the Rabi coupling. The
other parameters are the same as ones in Fig. 1.
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FIG. 8. (Color online). Phase diagram of the ferromagnetic
BECs as functions of κ and Ω˜ with a fixed Rabi frequency
Ω˜R = 1. The other parameters are the same as ones in Fig.
1.
From Fig. 4 we can suppose that the occurrence of the
hidden vortices and hidden vortex-antivortex pairs de-
pends on the interplay of the SO coupling strength and
the rotation frequency when the Rabi frequency is zero.
To further confirm this, we plot the phase diagram as a
function of κ and Ω˜ in Fig. 7. When Ω˜ is less than a
critical value Ω˜c = 0.09, the system is found to trans-
late from the plane wave phase to the hidden vortices
as Ω˜ increases. When Ω˜ ≥ Ω˜c, the system only sup-
port the hidden vortices for the very weak or strong SO
coupling strength, such as κ < 0.05 or 2.8 < κ ≤ 3.5.
For the weak SO coupling strength like 0.05 ≤ κ < 1.5,
increasing Ω˜ can induce the phase transition from the
hidden vortices to the hidden vortex-antivortex pairs. It
should be noted that, for the moderate strength of the
SO coupling such as 1.5 ≤ κ ≤ 2.8, as Ω˜ is increased, the
ground state structures undergo phase transitions from
the hidden vortices to the hidden vortex-antivortex pairs,
and eventually develop the hidden vortices. Figure. 7
presents the critical condition of creating the hidden vor-
tices and vortex-antivortex pairs in the SO coupled BECs
in the absence of the Rabi frequency. In Fig. 8 we fur-
ther investigate the phase diagram as a function of κ and
Ω˜ when the Rabi frequency is nonzero. As the SO cou-
pling strength and the rotation frequency are increased,
the system undergoes phase transitions from the plane
wave to the visible vortices, and eventually develop the
hidden vortices. Especially, when κ is lager than a criti-
cal value κc = 2, the ground state is the hidden vortices
irrespective of the rotation frequency. Figure. 8 confirms
that, for a given Rabi frequency, the hidden vortices are
easier to occur when both the SO coupling strength and
the rotation frequency are strong.
So far we have clarified the phase diagram at the fixed
Rabi frequency. In Fig. 9 we further give the phase
diagram as a function of Ω˜R and Ω˜ for the given SO
64
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FIG. 9. (Color online). Phase diagram of the ferromagnetic
BECs as functions of Ω˜R and Ω˜ with a given SO coupling
strength κ = 0.5. The other parameters are the same as ones
in Fig. 1.
coupling like κ = 0.5. When Ω˜ is less than a critical
value Ω˜c = 0.2, with the increasing Rabi frequency, the
system undergoes phase transitions from the hidden vor-
tices to the visible vortices, and eventually develop the
plane wave. It should be noticed that the hidden vortex-
antivortex pairs can occur in a very narrow region of pa-
rameters. In the rest region of parameters, increasing the
Rabi frequency can transform the hidden vortices to the
visible vortices for the fixed rotation frequency. We also
emphasize that the system only exhibit the plane wave
for any Rabi frequency when Ω˜ < 0.01. Figure. 9 shows
that, for the given SO coupling strength, the hidden vor-
tices are easier to occur when the rotation frequency are
strong or the Rabi frequency is weak.
Finally, we simulate the dynamic evolution of the hid-
den vortices. We use the hidden vortex state shown in
Figs. 4(b1) and 4(b2) as initial state of the dynamic evo-
lution. Figure. 10 presents the evolution of the hidden
vortices versus time. In Figs. 10(a1) and 10(a2) we show
the morphology of the hidden vortices when t = 16 ms.
It is shown that there is only the deflection of the density
profile as compared with the Fig. 4(a1). From the phase
profile we can see the phase singularities corresponding
to the hidden vortices [see Fig. 10(a2)]. As the time
evolution, when t = 32 ms, the density profile is further
deflected. It can be seen that the hidden vortices are
well kept in the system [see Fig. 10(b2)]. The hidden
vortices remain existing for a longer time like at t = 64
ms in addition to the deflection of the density profile [see
Fig. 10(c2)]. Figure 10 indicates that the hidden vortices
have long lifetimes that are even beyond the time win-
dow of our simulations. We can expect that these hidden
vortices are able to exist in an atomic gas as a long-lived
configuration.
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FIG. 10. (Color online). Real-time evolutions of the hidden
vortices corresponding to the Figs. 4(b1) and 4(b2). (a1)
and (a2) Particle density and phase distributions of the fer-
romagnetic BECs when t = 16 ms. (b1) and (b2) Particle
density and phase distributions of the ferromagnetic BECs
when t = 32 ms. (c1) and (c2) Particle density and phase dis-
tributions of the ferromagnetic BECs when t = 64 ms. The
position of the hidden vortex is highlighted by the blue circu-
lar ring. The simulation parameters are the same as the ones
in Figs. 4(b1)-4(b2).
V. CONCLUSION
We have studied phase separation and hidden vortices
in the laser-induced SO coupled ferromagnetic BECs
with the rotation and Rabi coupling. We have demon-
strated that the SO coupling play a crucial role for the
occurrence of the phase separation in the present work.
We have determined the corresponding entire phase di-
agram that indicates the critical condition of obtaining
the phase separation in SO coupled ferromagnetic BECs.
7We have found that the SO coupling can induce the hid-
den vortices and hidden vortex-antivortex pairs in the
presence of the rotation. We have predicted the rich
phase diagrams of such two vortex states by changing
the SO coupling strength, the rotation frequency, and
Rabi frequency. The dynamical stability of the hidden
vortex have also been investigated. Our study provides a
method of creating the hidden vortices in spinor BECs,
which paves the way for future explorations of the hidden
vortices in high-spin BECs, superfluid, and superconduc-
tion. We expect that the present work will be useful for
better understanding of phase separation and hidden vor-
tices in quantum systems.
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